Abstract. Pandres has developed a theory which extends the geometrical structure of a real four-dimensional space-time via a field of orthonormal tetrads with an enlarged covariance group. This new group, called the conservation group, contains the group of diffeomorphisms as a proper subgroup and we hypothesize that it is the foundational group for quantum geometry. Using the curvature vector, C µ , we find a free-field Lagrangian density C µ C µ √ −g . When massive objects are present a source term is added to this Lagrangian density. Spherically symmetric solutions for both the free field and the field with sources have been derived. The field equations require nonzero stress-energy tensors in regions where no source is present and thus may bring in dark matter and dark energy in a natural way. A simple model for a galaxy is given which satisfies our field equations. This model includes flat rotation curves. In this paper we compare our results with recently reported results of McGaugh, Lelli and Schombert which exhibit a new law between the observed radial acceleration and the baryonic radial acceleration. We find a slightly different model which relates these accelerations. In conjunction with our model, the McGaugh, Lelli and Schombert relation imply a new critical baryonic acceleration. When applied to bulge-dominated galaxies, this critical baryonic acceleration may be used to predict the radial velocity curve value by using the radius of the bulge.
Introduction
Let X 4 be a 4-dimensional space with orthonormal tetrad h i µ . Then a metric g µν may be defined on X 4 by g µν = η ij h i µ h j ν where η ij = diag{−1, 1, 1, 1}. Whereas Einstein extended special relativity to general relativity by extending the group of transformations from the Lorentz group to the group of diffeomorphisms [1] , we further extend by finding the largest group of transformations for which the wave equation, Ψ α ;α = 0, is covariant. This is the guiding principle for our theory.
A conservation law of the formṼ α ,α = 0, whereṼ α is a vector density of weight +1, is invariant under all transformations satisfying 
This defines the group of conservative transformations and we easily see that the group of diffeomorphisms is a proper subgroup [2, 3, 4, 5, 6] . Since the wave equation may be written asṼ α ,α = 0 withṼ α = √ −g Ψ α , we see that the conservation group is "the largest group of coordinate transformations under which the equation for the propagation of light is covariant" [3] . The conservation group shows potential for unifying the fields of nature [2] .
The geometrical content of the theory based on the conservation group is determined by the curvature vector defined by C α ≡ h [2] [3] [4] [5] [6] . It has been shown [2] that C α is covariant under transformations from x µ to x µ if and only if the transformation is conservative and thus satisfies (1) . A suitable scalar Lagrangian for the free field is given by
where h = √ −g is the determinant of the tetrad.
If a first observer uses x µ as coordinates and a second observer uses xμ, and if xμ ,ν is non-diffeomorphic but is conservative, satisfying (1), then xμ may be interpreted as anholonomic coordinates for the first observer [7] . The transformation from x µ to xμ may also be viewed as a transformation from one manifold to a second manifold. This second manifold has a different metric and a different curvature tensor R α βµν , but we argue that the masses of particles are determined by C µ C µ [8] and hence the masses of classical particles are unaltered. When manifolds M 1 and M 2 are related by such a conservative transformation, we say they are in the same quantum family of manifolds.
Using h 
and the definition of C α is also extended to C α ≡ Υ µ αµ . Using these extended Ricci rotation coefficients, one finds that
where R is the usual Ricci scalar curvature. Comparing (4) with GR we see that the Lagrangian density of the free field contains additional terms [6, 8] .
Setting δL f = 0 leads to field equations. The free-field Lagrangian does not depend directly on the field variables L The field equations (see Pandres [2, 3, 4, 6] ) are:
We assume for the remainder of this paper that Λ I i = δ I i (i.e., no internal fieldsonly gravity). In this case, an identity for the Einstein tensor is
Using (5) we see that the field equations may be also expressed in the form
with free-field stress energy tensor T f . The additional terms evident in T f suggest that this new geometry could bring in dark matter and dark energy in a natural way [8] .
Spherically symmetric solutions.
Spherically symmetric solutions (using labels (t, r, θ, φ)) of the field equations for a free field (5) are given by the tetrad
for which C µ = 0 and hence (5) is satisfied [8] . (The upper index refers to the row and the prime indicates differentiation with respect to r.) The metric is
The Einstein tensor is diagonal and the nonzero components are (with Φ representing Φ(r))
and
As G µν is generally nonzero, we see that these free-field solutions may automatically include dark matter and dark energy. Let
(this will be used in the Section 4 below). Let G t t = −8πρ f , where ρ f is the density mass-energy of the free-field (see [9] or [10] ). Using (9) we find that [8] 
We now identify the function m(r) as the total mass inside a ball of radius r. Also
, where Φ(r) = 2 r 1 − m(r) r
(this defines Φ(r) up to a constant). The radial pressure denoted by p R is determined by G r r = 8πp R . In terms of m(r) the result is
The tangential pressure denoted by p T is determined by 8πp
and in terms of m(r) we find that
Since p R = p T shear stresses are present and we see that (T f ) µν does not model a perfect fluid. The conservation of energy condition, T µ ν;µ = 0 is trivially satisfied for ν = 0, 2 and 3, but when ν = 1 we find that
which indicates that particles do not move along geodesics due to pressures (see [9] , page 601).
Using the ideal gas law, P V = nRT , we define the temperature per unit mass of the halo as
with m(r) given by (12) and with the average pressure defined byp = (p R + p T + p T )/3. In order for a free-field, spherically-symmetric solution to agree with the weak-field solution as r → ∞, we will require that lim r→∞ m(r) = M, where M is the total mass of the star as measured for very large values of r (this includes dark matter also). Furthermore we assume that m(r) is a non-decreasing, piecewise differentiable function of r. We also denote the minimum value of r for which the free-field solution is defined by R B (B indicates the baryonic radius). The value of r = R B may correspond to the radius of the bulge or galactic center. Our theory does not uniquely determine the m(r) function according to our assumptions given above. With the temperature determined by (19) we seek isothermal haloes which would be in thermodynamic equilibrium. We use the isothermal concept which is energy concept to select the classical solution from the family of manifolds which are allowed by our field equations [11] .
3. Free-field Model for Galaxies.
We have found two models which satisfy our field equations and conditions on w(r) which are isothermal. One of them reasonably models the dark matter component of galaxies. In the following we assume that the field is non-free (sources present) for 0 ≤ r ≤ R B where ordinary baryonic matter is predominant, in the bulge or galactic center. For r > R B we assume that there are no sources or that the sources are negligible. Let m(r) be a function which gives the total mass-energy within a sphere of radius r. Let lim r→∞ m(r) = M be the total asymptotic mass. At the surface of the bulge or galactic center, the value, m(R B ) = M B , represents nearly all of the baryonic mass of the galaxy. Although M B is not completely determined by the value at R B , we assume that the difference is small in relative terms. Numerical solutions may be utilized to more closely model actual galaxies, but our simplified model will nevertheless lead to several important results.
Define a dimensionless positive constant k as
Using (19), we note that the linear function m(r) = kr results in a constant temperature per unit mass of T = 1 3
when k << 1. Thus we define
where R is defined by R ≡
(Note:
.) According to this model, the halo extends to r = R . As a typical example,
= 10 which leads to a halo radius of R = 10R B . We note that this is a free-field model, with the curvature vector vanishing ( C µ = 0 ).
For this model the line element is (for R B ≤ r ≤ R )
where C is a constant chosen so that the metric will match the metric of (26) when r = R . The density and pressures are (for R
rΦ ′ ) 2 and hence Φ(r) = 2
which can be easily integrated. The value of the arbitrary constant is determined by the condition that g tt ≈ −1 + 2M r for large r. The result
We thus obtain the following line element for r > R :
The constant of (22) can now be determined and is found to be
and thus for R B ≤ r ≤ R:
Using (9-11), we find that where r > R the density is zero, but the pressures are nonzero:
Equations of Motion of Test Bodies.
An efficient procedure for finding equations of motion is one that extremalizes an appropriate Lagrangian. We follow de Felice and Clarke [12] with a Lagrangian for a particle in a field with nonzero stress energy tensor. Specifically, we introduce a source term in the Lagrangian density
where δ 4 ǫ approximates the Dirac delta function with a space-like volume of ǫ which yields the usual Dirac delta function in the limit as ǫ → 0. The path of the particle is given by γ(s) and its velocity is u µ = dx µ dτ . We will use the "dot" for the components of u α , i.e. u α = ṫ ,ṙ,θ,φ . Let µ denote the mass of the particle. The condition T βα ;β = 0 leads to [8] µ
From (18) and [14] , we see that
Thus from (23) we find that
and so we may express (31) as 
For the metric (22) (with θ ≡
using (33) and (34) and the normalization u ν u ν = −1, we geẗ
For pure radial motion (L = 0), (36) with R B < r < R yields
If we again assume that k is small, then the F p term on the right may be dropped. Objects with low radial velocities experience an acceleration of
to second order in k. Thus to first order,
3.1.1. Flat Rotation Velocity Curves and the Baryonic Tully-Fisher Relation. Assuming that k is very small (typically less than 10 −2 ) we find that (to first order in k) g tt ≈ −1. Ifρ is very small, the
4πρr 3 term could be significant, but for typical galaxies this is not the case. This is because the values of r are typically on the order of 10 22 cm. Thus the F p term is estimated to be much, much less than k 2 and we will drop it in our second order approximations. To compute v r , we use the formula, v r = r dφ dt = rφ t and use (35) settingṙ andr to zero for a circular orbit. The result to second order is
The second order differences in radial acceleration between (38) and (40) may be explained by the nonzero pressure terms in the stress-energy tensor (23). To first order,
For example if k = 10 −6 (fairly typical for a galaxy) then v r ≈ 10 −3 ≈ 300 km/s. This constant velocity curve would extend from the disk out to the boundary of the halo.
The baryonic Tully-Fisher relation [13] states that M B ∝ (v r ) 4 . From (20) and (41) we see that
2 . Thus we have a general result:
where g † is a universal constant acceleration and the coefficient, (
2 is chosen for convenience.
Implications of our Free-field Galaxy Model and the Radial Acceleration Relation.
McGaugh, Lelli and Schombert [14] have recently reported a correlation between the radial acceleration that is observed and the radial acceleration due to the baryons. From the definition of k, (20) we see that k is basically the gravitational potential at r = R B and in our model it also is basically the gravitational potential at r = R, since , for R B ≤ r ≤ R. Thus our theory leads to the following relation (to first order in k):
According to [14] ,
is a universal radial acceleration relation for galaxies. McGaugh, Lelli and Schombert [14] based this on analysis of 153 galaxies, including bulge-dominated spirals, diskdominated spirals and gas-dominated dwarfs. They find that the value of the acceleration-parameter g † , which accurately models the relationship given in (44), is approximately 1.20 × 10 −10 m/s 2 . We stipulate that the two formulae (43) and (44) should agree when when g B = g † . Thus we find
agreeing with (42). Thus our theory suggests that
When g obs = g B , the implication is that there is no significant amount of dark matter. From (46) we find that
which we call the critical baryonic-acceleration constant denoted by g Bc . Hence from the value found for g † (see [14] ), we find the critical baryonic-acceleration constant to be
From (45) and (47), we also find that g Bc = k R B which matches well with our hypothesis that for r < R B , there is only baryonic matter present. Finally, define the parameter α > 1 for a given galaxy, by α =
, which indicates the ratio of the total mass to the baryonic mass. The consensus value is α ≈ 6. Then when g B < 1 α 2 g Bc , we find that g obs = αg B . Thus we propose the following model for the relationship between the baryonic acceleration and the observed acceleration:
The graph of our radial acceleration relation is shown in Figure 1 for values of g B which are greater than 1 α 2 g Bc . We also include the plot of (44) using the value g † = 1.2 × 10 −10 m/s 2 . The difference between these graphs is small and appears to be within 1.0 rms according to McGaugh, Lelli and Schombert [14] . We note that our model is highly idealized and thus when numerical solutions of our field equations are produced that more closely resemble the actual distribution of baryonic matter, then we expect that the model will approach the curve given in (44). When we combine the predictions of our theory with those of McGaugh, Lelli and Schombert, the new and interesting conclusion is that g Bc ≈ 3.0 × 10 −10 m/s 2 is a universal critical acceleration. The acceleration at the baryonic radius, R B , is given by g B = kR B (R B ) 2 = k R B = g Bc . If g Bc is considered to be the fundamental constant that governs the dividing line between baryonic and dark matter, then k may be determined for a given galaxy by finding the radius at the bulge. From (41) we would then have a prediction of the value of v r . However, this should only apply to bulge-dominated galaxies which seem to fit more closely with the model proposed here.
Conclusion.
The theory based on the conservative transformation group leads to a spherically symmetric solution for the free field, which must have nonzero densities and pressures. Our isothermal solution reasonably models galaxies that are bulge-dominated, but also
gives insights into what more accurate models based on the conservative transformation group may predict. Namely, that along with the baryonic Tully-Fisher relationship and the radial acceleration relation of McGaugh, Lelli and Schombert, we obtain the prediction of a universal critical acceleration, g Bc . Further progress in developing isothermal models that more closely model disk-dominated spirals and dwarf galaxies may strengthen these results. Our extension of the covariance group to the conservative transformation group leads to automatic inclusion of dark matter and dark energy. As our theory suggests along with many recent results, dark matter and baryonic matter are not independent of one another. It appears that dark matter is simply a geometrical effect of baryonic matter, but much work is needed to fully develop this theory.
